From the quantization rules for two classes of non-local actions, we show that as long as the generalized kinetic energy operatorÔ(γ) satisfies spec{Ô(γ)} = spec{Ô} γ ,(i.e.,Ô(γ) =Ô γ ) witĥ O (classically) local, the underlying action can be mapped onto a purely local theory by a suitable Hilbert-space transform. In all such cases the partition function is equivalent to that of a local theory and an area law for the entanglement entropy obtains. When such a reduction fails, the entanglement entropy deviates strongly from an area law and can in some cases scale as the volume. As these two criteria are coincident, we conjecture that they are equivalent and provide the ultimate test for locality of a QFT rather than a simple inspection of the explicit operator content.
Locality of the action is a fundamental tenet of quantum and effective field theory. In fact, the well known area law [1] [2] [3] [4] [5] [6] [7] [8] [9] for the entanglement entropy (EE) is a direct consequence of the locality (near-neighbour interactions) of the action. Deviations then from the area law are expected to obtain as non-local interactions are introduced. However, this problem is quite subtle as the work of Li and Takayanagi [10, 11] demonstrates. They considered two non-local actions, B) I(φ) = γ is the fractional Laplacian. Although both of these theories contain non-local operators, they display fundamentally different scaling of the zerotemperature entanglement entropy:
+ · · · , B − theories
+ · · · C − theories (1) where ǫ is a short-distance cut-off and κ d−2 is a function defined on the entangling surface. As is evident, in B-type theories, the EE has the typical area scaling of a local QFT, understood as the entropic contribution of UV degrees of freedom that are entangled across Σ := ∂A [1] [2] [3] [4] [5] [6] [7] [8] [9] . However, C-type theories (see also [12] ) deviate strongly from this scaling and can in the case of γ = 1/2 yield a volume law. Hence, not all non-localities in the action give rise to deviations from area laws. Precisely what is the criterion for the transition between these types of theories or the conditions for a change from area to volume EE has never been clarified. This problem is also relevant to neutron-star collapse as a transition has been observed [13] between volume and area laws for the EE. This Letter lays plain the precise types of nonlocalities that preserve the area law. We find that the minimum requirement for turning B-type into C-type theories is the introduction of a (fractional) mass term, hence a minimal action of the form
. In the absence of the mass, it is possible to recast all B-type theories via a Hilbert-space transformation as purely local theories. The exponential in I C is just an extreme case of this non-reduction. At the level of the EE, we can think of the mass term as providing a way of probing arbitrarily deep into the UV. Such is not possible for the massless theory as a hard cutoff set by the geometry places a restriction on the UV physics. As a result, we conjecture that these two criteria, the presence of a local Hilbert-space transformation and the area law are equivalent and ultimately determine whether the action for a QFT is truly local.
Although non-localities typically indicate that something went terribly wrong [14] [15] [16] [17] , for example the non-Wilsonian procedure of integrating out gapless degrees of freedom, they are oftentimes fundamental. The Caffarelli-Silvestre (CS) extension theorem [18] demonstrates that second-order elliptic differential equations in the upper half-plane in R n+1 + reduce to one with the fractional Laplacian, (−∆) γ at R n , where a Dirichlet boundary condition is imposed. Quite generally, the fractional Laplacian (−∆) γ (or its conformal extension, the Panietz operator [19, 20] ) on a function f in R n provides a Dirichlet-to-Neumann map for a function φ in R n+1 that satisfies the second-order elliptic differential equation. All the non-localities we consider will be constructed from the fractional Laplacian which has numerous uses in holography [20] [21] [22] [23] [24] [25] and long-ranged models [26, 27] .
To illustrate our main point, we consider the two path integrals,
and
where of course x 2 = x · x and M is some matrix. Formally, Z and Z γ are the same as they are both Gaussian and could just be dealt with by replacing (M + m 2 1) γ and M γ + m 2 1 by some matrtix U and, then solving the Gaussian integral by diagonalizing U and finally analyzing all the various eigenvalues. However, there is a major difference between these two path integrals, provided they can be done. The transformation
maps Z onto a purely local Gaussian theory up to a constant that depends only on det(M +m 2 1). As we will see, no such field redefinition which effectively removes the non-locality is possible for Z γ . This effective Hilbert-space transformation plays out in the field quantization and the computation of the EE.
Despite this difference, both of these theories can be quantized. We intend to show that
To proceed, we note that M γ and M commute, and therefore
Thus, they can be simultaneously diagonalized (along with M + m 2 1 γ and M γ + m 2 1) and therefore it is possible to find an orthogo-
With this result, we can then perform the integrals explicitly by changing coordinates. To this end, we define y ⊺ = Ox ⊺ , where y = (y 1 , · · · , y d ) and x = (x 1 , · · · , x n ). After this change of coordinates, the integral transforms to
where we have set J ′ = JO −1 = JO ⊺ and have used that O ∈ O(n), and thus O −1 = O ⊺ and det(O) = 1. The same calculation can be tailored to the second formula. Proceeding, we obtain
The true non-locality of the second theory, i.e. Z γ , is manifest when one tries to compare it with the known local theory (or rather the one known to be equivalent to a local theory by what we just proved). In doing this, one has to analyse the expression
In fact one finds, by simple algebra, that, so long as
thus giving rise to an infinite tower of "local" theories (hence the non-locality, which is akin to the structure of the fractional Virasoro algebra of [28] . The same is also true for the Lagrangian involving e
γ considered by Li and Takayanagi [10] . The previous analysis enables an immediate quantization of the underlying field theories. We consider the partition function
The field redefinition
Eq. (11)) thereby making any transform to a local theory impossible. As a result, no such field redefinition exists for C-type theories. A sufficient rule for the existence of such Hilbert-space transformations is spec{Ô(γ)} = spec{Ô} γ ,
where spec stands for the spectrum of the eigenvalues, assuming it is discrete, andÔ(γ) is the generalized kinetic energy operator. In caseÔ has a discrete spectrum (e.g., self-adjoint on a compact manifold), this is equivalent to requiring thatÔ(γ) =Ô γ wherê
, where e −tÔ is the diffusion semigroup associated toÔ. Eq. (13) clearly fails for all C-type theories. Note the exponential kinetic term in C-type theories violates Eq. (13) even for γ = 1 in which only the Laplacian is present in the exponent. In addition, the cos ∂ µ kinetic term used by Levine [12] (which generates volume EE) violates Eq. (13) thereby lending further evidence that Eq. (13) must hold for the area law to obtain. Consequently, we propose that an action S is local if its path integral is equivalent (i.e. equal up to a constant) to a classically local action. An elementary calculation (following the calculations we did forÔ = ∆) should convince the reader that this holds for S(φ) = φÔ(γ)φ for an operatorÔ(γ) such thatÔ(γ) =Ô γ withÔ classically local. To compute the path integral we will need the fractional propagator,
The path integral will involve the determinant of such an operator. This will be evaluated using the standard [29, 30] ζ-function regularization procedure. Let M be an elliptic, self-adjoint operator, so that it has a complete spectrum. Let {λ n } be the sequence of its eigenvalues: M φ n = λ n φ n . The goal is to define det(M ) by ζ−function regularization (essentially following [29] ). Given a sequence of eigenvalues {λ n } one can form the (generalized) zeta function:
It is a standard fact that ζ(s) is convergent for Re(s) > 2 and that it can in fact be extended analytically to a meromorphic function throughout the entire complex plane C with poles only at s = 0 and s = 1. Next observe that on the one hand d ds (16) and that on the other
whence, formally, for s = 0
which equals (formally) log det(M γ ). We thus define
which is the ζ-function regularization of det(M γ ). This regularization scheme naturally works for the fractional Laplacian on a curved manifold, giving rise to a generalization of [30] to fractional Laplacians. The path integral is now given by
where
and D γ (x − y) is the fractional propagator defined in Eq: (14) . For the C-type theories, the partition function is given instead by
andD γ (x − y) is the fractional propagator defined by
Armed with these examples we propose the following criterion of non-locality: A QFT is truly nonlocal if there is no transformation of the Hilbert spaces (even possibly defined away from a finite dimensional vector space) which casts the theory as a finite sum of local theories. This definition clearly sets type-B and type-C theories apart. In this section we determine the leading divergence of the EE for the non-local theory described by Z γ . It is well established that local quantum field theories [7, 8] have entanglement entropies that scale as the area of the entangling surface. Though certain features of this scaling law depend on the specifics of the regulators of the theory, quite generally, one has that for a local d dimensional field theory, the leading UV divergence is given by the first of Eqs.
(1).
We consider the non-local scalar field theory on R d with action
We subdivide a Euclidean time slice into sectors A andĀ separated by a d − 2 dimensional surface, Σ. The EE is constructed out of the reduced density matrix as
where ρ A is obtained by integrating out those degrees of freedom that reside in sectorĀ. The form of the EE in Eq. (26) is not amenable to analytical computation. Instead we consider
This quantity is more tractable and lends itself well to a geometric interpretation. Formally, one requires the existence of a unique analytic continuation of this function to non-integer N before letting N → 1 and hence recovering the (von Neumann) EE. If such a unique continuation exists, the computation of the EE amounts to determining Trρ N A which we identify as the partition function defined on the N -cover with a branch along A as well as conical singularities on Σ. For a Gaussian theory on R d , this space is the flat cone, C δ with deficit angle δ = 2π(1 − N ). The choice of a non-local differential operator in the action poses no difficulty in terms of diagonalization in replica space. For simplicity and because the entropy should not depend on the underlying geometry, we take a hyperplane rather than a general hyper-surface as the entangling surface. The quantity of interest is then [3, 4, 31] 
and the limit to obtain the EE is δ → 0. The effective action, F , on C δ × Σ, is given by a Gaussian path integral: − log Z δ = log det(−∆ γ + m 2 ). To compute the functional determinant in the effective action, we use the heat kernel method [3, 32] with a hard UV cut-off,
The fractional power of the short distance cut-off is for dimensional consistency. The use of the heat kernel even for non-local operators is warranted as just a decomposition of the Hilbert space, H = H A ⊗ HĀ, is required. The trace of the heat kernel, ζ(s) := Tre
2 ) , factorizes on the underlying product space. For the fractional heat kernel on the cone, the asymptotics are (cf. the appendix):
On the flat entangling surface with d − 2 > 0, it may be computed directly via Fourier transformation,
where A d−2 = Area(Σ). If we assume that we can uniquely continue S δ to non-integer δ with Re(δ) > 0 and take the limit δ → 0 [33] , the EE becomes
which requires m = 0. The limiting procedure of how the m = 0 requires a different geometry [31] .
In the final expression, we labeled the multiplicative factors as κ d−2 . For small ǫ, the leading-order divergence is
Here we kept only the terms that scale with ǫ and carried out an asymptotic expansion of the incomplete gamma function for small ǫ, corresponding to the UV limit. The volume law appears when γ = 1/2 while the area law obtains for γ = 1, which is the purely free-theory limit. This calculation can be carried out for any entangling surface in a globally hyperbolic spacetime. As in [31] , the heat kernel expansion just utilized in Eq. (32) does not work in the massless case because the length scale is set by 1 m γ 2 . One remedy 2 Observe that the length scale is essential in determining the nature of the asymptotics of the EE in terms of length.
In the absence of a length scale, one could choose the cut off to be ǫ a and get any form of asymptotics. For instance a =
is to consider a different geometry such as a d-1 dimensional slab of length ǫ followed by tracing the full fractional heat kernel on the cone. The choice of such a geometric cut-off implies that the entanglement physics the entanglement physics cannot be probed arbitrarily deep into the UV. A better alternative would be to perform the calculation along the lines of [10] and compute the heat kernel trace on the quotient geometry S d /Z n . This geometry is specialized as it exhibits only isolated conic singularities thus producing the desired asymptotics for the heat kernel and leads to an area law for the EE.
From the form of Eq. (32), we infer a necessary and sufficient condition for an operator O to have a heat kernel with an area law. The requirement is that
where the heat kernel trace Tre sO is calculated on C δ × Σ, for m = 0 and on a slab geometry for m = 0. These calculations highlight also one of the main differences anticipated in the introduction between the two types of theories. In the massless theory, one can probe the entangling surface only up to a given scale, namely the cutoff scale. On the other hand, as evident from Eqs. (32) and (33) , in the massive case, one can arbitrarily probe the UV physics.
To conclude, only B-type theories admit a field redefinition or equivalently a Hilbert-space transformation that exposes the underlying Gaussian nature of the QFT. When Eq. (13) fails, the theory is truly non-local and the related EE deviates strongly from an area law. In some cases (C-type theories), we find even a volume law. Whether or not all deviations [34] from area laws can be understood as a general case of type-C theories is an unanswered question.
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I. APPENDIX: HEAT KERNEL
Here we want to show the asymptotics of the fractional heat kernel on the 2D cone C δ . More explicitly we want to justify Eq. (30) . In order to do that we show that there is a (unique) fractional heat kernel K γ (x, y, t) satisfying
and such that as t → 0
uniformly in x. Then the result follows from the same arguments done for the regular Laplacian on the cone C δ . In order to prove the existence of such a heat kernel, one construct a parametrix starting from the classical result that the fractional heat kernel in
Next, specializing to d = 2 and setting
where |x − y| g indicates the distance between x and y with respect to the conic metric g evaluated at the point y (assuming it is not the vertex of the cone), one can show that K 1 satisfies (∂ t − ∆ γ x ) K 1 (x, y, t) = R(t, x, y) lim
The next step is to make K 1 into an exact solution by summing a convergent series (the Volterra series). This shows that Eq. (36) holds. Integrating one gets the desired expansion (30) . In order to achieve that one makes use of the form of the metric β 2 |z| 2β−2 |dz| 2 (in complex coordinates) with δ = 2πβ and therefore that the metric conical Laplacian is β −2 |z| 2−2β ∆.
